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The lysyl oxidase (LOX) enzyme that catalyses cross-link formation during the assembly of collagen fibrils in vivo

is too large to diffuse within assembled fibrils, and so is incompatible with a fully equilibrium mechanism for fibril

formation. We propose that enzymatic cross-links are formed at the fibril surface during the growth of collagen

fibrils; as a consequence no significant reorientation of previously cross-linked collagen molecules occurs inside

collagen fibrils during fibril growth in vivo. By imposing local equilibrium only at the fibril surface, we develop a

coarse-grained quantitative model of in vivo fibril structure that incorporates a double-twist orientation of

collagen molecules and a periodic D-band density modulation along the fibril axis. Radial growth is controlled

by the concentration of available collagen molecules outside the fibril. In contrast with earlier equilibrium

models of fibril structure, we find that all fibrils can exhibit a core–shell structure that is controlled only by the

fibril radius. At small radii a core is developed with a linear double-twist structure as a function of radius. Within

the core the double-twist structure is largely independent of the D-band. Within the shell at larger radii, the

structure approaches a constant twist configuration that is strongly coupled with the D-band. We suggest a

stable radius control mechanism that corneal fibrils can exploit near the edge of the linear core regime; while

larger tendon fibrils use a cruder version of growth control that does not select a preferred radius.

1 Introduction

The abundant and diverse family of collagen molecules1 speaks to
the diversity of collagenous structures that are found in nature,
and their importance in organism function. Mechanically-loaded
collagenous tissues such as bone, tendon, cartilage, and skin are
hierarchically assembled materials.2 Collagen fibrils are important
components of these tissues.

Collagen fibrils are long and approximately cylindrical, and are
made up of many long, chiral, semi-flexible collagen molecules.3

A robust and characteristic periodic density modulation along the
length of the fibril is called the D-band.4,5 While the collagen
molecules are almost parallel to the fibril axis, they exhibit a tilt
with respect to the axis that is visible both at the fibril surface6 and
in the interior7,8 – and that is particularly pronounced in corneal
fibrils. Corneal fibrils also exhibit tight radius control – which is
necessary for corneal transparency.9 Conversely, tendon exhibits
an exceptionally broad range of fibril radii,10–13 and a much lower
molecular tilt.6,14

Atomic-scale molecular dynamics (MD) simulations using
untilted model fibrils have confirmed the equilibrium stability
of the D-band.15,16 Coarse-grained models based on cholesteric
liquid-crystals17,18 have demonstrated how tilted fibrils can be
thermodynamically stable with respect to a bulk cholesteric phase.

These coarse-grained models have been recently extended with
phase-field crystal theory to also capture the equilibrium structure
of D-banded and titled fibrils.19 These equilibrium approaches
are directly applicable to fibrils that self-assemble in vitro.20,21

While we expect that fibril assembly respects these equilibrium
energetics, there are non-equilibrium aspects of fibril formation to
consider in vivo that arise from molecular cross-linking.

Enzymatic cross-links, catalyzed by the enzyme lysyl oxidase
(LOX),22 contribute significantly to tissue elasticity23 – as demon-
strated experimentally24 and in MD studies.25 These cross-links
represent covalent bonds, which are not remodelled after they
are formed.

The diffusion of LOX into fully grown fibrils appear to be
restricted by size constraints. 10 kDa Dextran molecules are
excluded from diffusing into hydrated collagen fibrils.26 A similar
molecular-weight cut-off of various molecules was established
by gel-filtration chromatography using a column packed with
tendon fibers.27 LOX, which has a molecular weight of more than
30 kDa,22 is thus too large to penetrate into assembled fibrils.
Furthermore, the radius of gyration of LOX (3.7 nm)28 is sub-
stantially larger than the narrowest part of subchannels within the
fibril structure (2 nm).16,29 We conclude that enzymatic cross-
linking is restricted to the fibril surface; so that cross-links within
the fibril must have been made during fibril formation. Supporting
this conclusion, enzymatic cross-links form throughout fibril
growth,30 and their formation is crucial for proper fibril develop-
ment in vivo.31
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The irreversible formation of cross-links during fibrillogenesis
is incompatible with fully equilibrium models of fibril formation.
These models allow collagen molecules to freely rearrange
throughout the fibril during fibril growth to continually minimize
the total free energy of the entire fibril.17–19 The incompatibility of
cross-linking and equilibrium structure raises fundamental ques-
tions for in vivo fibrillogenesis: how is fibril radius determined,
how does molecular tilt emerge, and how do tilt and D-band
structure co-exist within cross-linked fibrils? We address these
questions in this paper.

Radial fibril growth is a slow process in vivo: only approximately
one molecular layer is added every day during development.13,32

As a result, local equilibrium can be achieved at the fibril surface
before cross-linking occurs and additional molecular layers bury
the cross-linked collagen. With this as motivation, we have devel-
oped a new non-equilibrium model for in vivo collagen fibril
formation. In our model the formation of cross-links during
fibrillogenesis freezes the relaxation of internal fibril structure –
but local equilibrium energetics determines structure formation at
the fibril surface during growth.

2 Model

Our qualitative model is that during radial fibril growth enzymatic
cross-linking freezes the average molecular orientation of interior
collagen molecules in place (interior magenta region in Fig. 1).
Nevertheless, because both the fibril growth and the cross-linking
dynamics remain slow compared to timescales of molecular
motion, the molecular orientation of surface collagen stays in
local equilibrium (surface green region in Fig. 1).

While the average molecular orientation is locked in by cross-
links beneath the fibril surface, we assume that molecular stretch-
ing and compression maintains a global D-band during fibril
growth. This local strain is consistent with the flexibility of indivi-
dual collagen molecules, which have a persistence length of one

third of the fully extended molecular length.3 Our assumption of a
global D-band follows previous theoretical treatment of D-banded
fibrils,19 and from the experimental observation of a robust, well-
defined, global D-band for a wide variety of fibril radii.5,33–35 This
assumption also considerably simplifies our approach.

At the fibril surface, we consider two energetic contributions:
the Frank free energy density f̃Frank, which describes the energetic
cost of distortions in the director field, and a phase-field crystal-
based free energy density of the D-band, f̃D-band. There is also a
surface energy term that affects growth, but which does not affect
the director orientation or the D-band structure.

We characterize the average local molecular tilt with respect
to fibril axis with a ‘twist’ angle c(r̃) (see Fig. 1). This tilt depends
upon the radial distance r̃, but does not depend on the azimuthal
angle. This is called a double-twist configuration,17 and in
cylindrical coordinates the local director field is n = �sinc(r̃)/̂ +
cosc(r̃)ẑ. Then the Frank free energy density is simply:17

~fFrank ¼
1

2
~K22 q� c0 � sinð2cÞ

2~r

� �2

þ1
2

~K33
sin4ðcÞ

~r2

� 1

2
~K22 þ ~k24

� �1
~r

d

d~r
sin2ðcÞ;

(1)

where K̃22, K̃33, and k̃24 are the Frank elastic constants representing
the deformations of twist, bend, and saddle-splay, respectively.
The 0 indicates a derivative, so c0 = dc/dr̃. Note that q is a
characteristic preferred twist-angle gradient in a cholesteric phase
of collagen molecules, and would be inversely proportional to the
cholesteric pitch P = 2p/q.

For a single-mode approximation of the axial D-band molecular

density-modulation, dr = ~d cos ~Zz̃, the phase-field crystal free energy
density averaged over one D-band period is:19

~fD-band ¼
~L~d2

4

4p2

dk2
� ~Z2 cos2 c

� �2

þ~o~d2

2

3

4
~d2 � w2

� �
; (2)

where ~d is the D-band amplitude, ~Z is the D-band wavenumber,
d8 is the preferred D-band spacing, and w fixes the preferred
D-band amplitude. The parameter ~o represents the strength of the
D-band double-well potential, and leads to a non-zero D-band
amplitude. The ~o term, like the last term in eqn (1), is typically
negative and so contributes to the thermodynamic stability of

collagen fibrils. The parameter ~L represents the stiffness of the
D-band with respect to its spacing, and energetically couples the
D-band and double-twist structures.

Because we have averaged over the axial D-band modulation to
obtain eqn (2), we have no axial dependence in our free-energy.
Because we have also assumed cylindrical symmetry (i.e. our tilt
angle c(r) is independent of the azimuthal angle in Fig. 1), we only
need to consider the radial coordinate r in our free-energy.

We can collect the free-energy contributions per unit length
when a new layer of width Dr is added to the fibril from r to r + Dr:

F ¼ 2p
ðrþDr
r

rfFrankdrþ 2p
ðrþDr
0

rfD-bandðd; ZÞdr; (3)

where we have included the entire D-band free energy as it is
globally minimized. Here we have started to use the dimensionless

Fig. 1 Schematic cutaway of our non-equilibrium fibril model. The sur-
face at r + Dr (in green) is cross-linked while in local equilibrium, while the
buried structure below the surface (magenta, at radius rr) has frozen
structure due to previously formed covalent cross-links. The director field
of tilted collagen molecules is represented by curved blue lines, and is
characterized by a twist angle c(r) with respect to the fibril axis ẑ. We take
the continuum limit Dr - 0.
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variables r � qr̃/(1 � k24), f � f̃ (1 � k24)/[K̃22q2(1 + k24)], and
k24 � k̃24/K̃22. Note that |k̃24| o K̃22,36 so we have �1 o k24 o 1.

We solve for the values of the twist angle c, the global D-band
amplitude d, and the global D-band wavenumber Z that mini-
mize F for all r Z 0 in the continuum limit Dr - 0. We do this by
solving the Euler–Lagrange equation for each of the three func-
tions c(r), d(r), and Z(r). We obtain an implicit equation for the
twist angle function c(r) at the current fibril radius r:

r� 1

2
sinð2cÞ � K tanð2cÞ sin2 c

¼ Ld2Z2r2 4p2 � Z2 cos2 c
� �

tanð2cÞ:
(4)

The double-twist equation depends on the global D-band ampli-
tude and wavenumber. They in turn are explicitly given by

d2ðrÞ ¼ 1� L
or2

ðr
0

x 4p2 � Z2ðrÞ cos2 cðxÞ
� �2

dx; (5)

Z2ðrÞ ¼ 4p2
Ð r
0x cos

2 cðxÞdxÐ r
0x cos

4 cðxÞdx
: (6)

These equations depend on three key dimensionless parameters

K �
~K33

~K22 1� k242ð Þ
; (7)

L �
~Lw2 1� k24ð Þ

1þ k24ð Þ 3dk4 ~K22q2
� �; (8)

o � ~ow4 1� k24ð Þ
3 1þ k24ð Þ ~K22q2

; (9)

and also use the dimensionless amplitude d �
ffiffiffiffiffiffiffiffi
3=2

p
~d=w and

wavenumber Z � ~Zd8.
The above equations are valid at each fibril radius r during

growth. At a current radius R, the double-twist function c(r) for
r r R represents the twist formed when the fibril was at radius r,
while Z(R) and d(R) characterize the current global D-band. As we
will discuss in Section 3.2, what will determine the final fibril radius
is the free-energy contribution per unit volume at the fibril surface,

f ðRÞ ¼ 1

2
K
sin4 cðRÞ

R2
þ 1

2

sinð2cðRÞÞ
2R

� �2

�sinð2cðRÞÞ
2R

þ g
R

þ o d2
d2

2
� 1

� �
þ Rdd0 d2 � 1

� �	 


þ L
d2

2
4p2 � Z2 cos2 cðRÞ
� �2	

þ 4p2dd0 2p2R� Z2
1

R

ðR
0

r cos2 cðrÞdr
� �


;

(10)

where we have used the current D-band Z(R) and d(R). Here we
introduce the dimensionless surface tension g � ~g/(K̃22q(1 + k24))
where ~g characterizes the surface tension between the fibril surface
and the surrounding solution. g affects fibril structure only through
fibril growth (see below). Note that f = 0 for a bulk cholesteric phase.

We numerically solve eqn (4)–(6) using Newton’s method.
Starting from a numerical solution to eqn (4) with L = 0, we
alternately compute the D-band variables based on the twist
function, and then a new twist function based on the D-band
variables. This process is iterated until convergence is achieved.
We then numerically compute the free energy density, eqn (10).
The code used for our numerics is available on GitHub.37

While we have introduced a flurry of dimensionless quantities
(summarized in Table 1), they significantly simplify our results.
In Appendix A we discuss various estimates, from which we obtain
K \ 1, L Z 0, g A [0.005,0.3], and o A [0,20]. These estimates
provide us with some guidance in choosing parameters for our
numerical studies.

We will confront our model results with experimental observa-
tions on collagen fibrils from tendon and corneal tissues. Tendon
fibrils can be characterized by a broad distribution of large radius
fibrils (50 nm to 200 nm), and a small surface twist (no more than
51).14 Corneal fibrils on the other hand are defined by small, tightly
distributed, radii (approximately 15 nm) and very high surface twist
(E181).6,7 Both types of fibrils show the axial D-banding modu-
lation that is found ubiquitously in animals from insects38 to
Dinosaurs39 with period between 64 and 67 nm.

3 Results

When L = 0, without any coupling between the D-band and the
twist function, from eqn (4) we find that c B r at small r while
as r - N the twist-angle increases towards cN = p/4. For
L 4 0 a qualitatively similar behavior is observed, though with
cN o p/4. A power series expansion in r is possible, see
Appendix B. Linearity at small r is maintained because the L
dependence on the right-side of eqn (4) enters at O(r2) – i.e. it
vanishes at small r. By the same token, the right-side dominates
when r is large and forces c to approach a constant value.

3.1 Structure

The thicker blue lines in Fig. 2A–D illustrate the solution to our
non-equilibrium fibril structure; the results are qualitatively
independent of parameterization. In Fig. 2A we confirm that c
approaches a constant (cN) for large r. At smaller radii, the
twist angle increases approximately linearly – then it crosses
over to a constant cN around a characteristic radius R0 (indicated
by the red triangle).

Table 1 Key dimensionless variables and parameters, and where they are
defined

c Twist angle Fig. 1
r Radial coordinate Fig. 1
R Fibril radius
d D-band amplitude Eqn (5)
Z D-band wavenumber Eqn (6)
K Frank coupling Eqn (7)
L D-band coupling Eqn (8)
o D-band energy Eqn (9)
f Free-energy density Eqn (10)
g Surface tension

This journal is The Royal Society of Chemistry 2021 Soft Matter, 2021, 17, 1415�1427 | 1417
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For both small and large fibril radii R, the D-band amplitude
d E 1 as indicated in Fig. 2B. This confirms our understanding
that the D-band is independent of the twist function at small r,
and is dominant at large r – and so can be satisfied in both
extremes. Between these limits the amplitude exhibits a mini-
mum; we define R0 to be the location of this minimum of d(R).

The D-band period 2p/Z monotonically decreases with increas-
ing radius R – as illustrated in Fig. 2C. The monotonicity of
Z follows from the observed monotonicity of the twist angle c as
can be confirmed by taking the derivative of eqn (6) with respect to
radius. The monotonicity of c is always observed for the para-
meter ranges explored in this paper, but has not been proven to
hold generally. We predict that larger fibrils have shorter D-band
spacing compared to smaller fibrils – when grown under the same
conditions (e.g. within the same tissue).

Finally, the free energy per unit volume of added fibril f
depends strongly on the current fibril radius R – as shown in
Fig. 2D. We find that, as long as the dimensionless surface
tension g is not too large (see Appendix Fig. 8), there exists
a global minimum of f. For smaller values of surface tension g,
the minimum is always at a smaller radius than R0.

In Fig. 2A and D the dashed orange lines indicate the
solution without D-band coupling, with L = 0. The twist angle
function c is roughly the same for small r t R0, but approaches

cN = p/4 for large radii. This confirms that a smaller surface twist,
with cN o p/4, is the result of the D-band coupling. Interestingly,
the free energy landscape is only very slightly changed (near R0) by
the removal of the D-band coupling. This is because we have kept
the uncoupled D-band energetics, with o 4 0.

R0, the crossover radius at which the D-band interaction
begins to affect the fibril structure, depends on both K and L
(see appendix Fig. 7). For either larger L or smaller K, R0 is
small – reflecting an earlier transition to D-band dominated
structure (with c E cN) with radius.

cN, the asymptotic twist angle observed for r c R0, is shown
in Fig. 3 for various values of K and L. (We find that cN is
mostly independent of o, as shown in the Appendix Fig. 6.) One
contour of interest (orange line) corresponds to the typical
reported surface twists of corneal fibrils (C181 or 0.31
radians)6,7,40,41 Since the surface twist for fibrils of a given finite
R will always be less than cN, corneal fibrils should be some-
where in the orange-shaded lower-left corner of Fig. 3 – below the
‘‘cornea’’ line.

We believe that most tendon fibrils are in the R 4 R0 regime,
where R0 is the characteristic core radius. We return to this point in
the discussion, but for now we motivate it by the reported systematic
differences between small radius and large radius tendon fibrils that
has been reported in the literature.42,43 Furthermore, recent study of

Fig. 2 Typical non-equilibrium fibril structure. Using the numerical solution to eqn (4)–(10), we show how (A) the twist angle c, (B) the D-band amplitude
d, (C) the D-band period 2p/Z, and (D) the surface free-energy density f vary with radius during growth. c(r) indicates the twist-function within a fibril
(for any radius r r R, where R is the fibril radius); d(R) and Z(R) represent a global D-band value for fibrils of radius R; while f (R) represents the free-energy
density at the surface of a fibril of radius R. The red triangles indicate the dimensionless radius R0 where d is minimized. With dashed orange lines,
we also show results for fibrils in the limit with no coupling between the D-band and double twist (L - 0+). In (A) we indicate the limiting values for the
twist angle cN for both the general solution (blue dotted lines) and the L = 0 solution (orange dotted). Parameters used are K = 100, L = 0.5 (for blue
lines) or L = 0+ (for orange lines), o = 0.1, and g = 0.01. All parameters and values are dimensionless – as defined in the text.
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larger in vivo tendon fibrils found no correlation between fibril
radius and D-band period (see ref. 33). This is consistent with larger
tendon fibrils being in the R 4 R0 regime, since in that regime the
global D-band period is independent of radius. Interestingly, this
also implies that the surface twist of tendon fibrils is independent of
radius over a wide-range of fibril radii. Since the reported surface
twists of tendon fibrils are typically upper bounds (r51 or 0.09
radians)6,32,44 this suggests that tendon fibrils will be somewhere
in the blue-shaded upper region of the figure – at or above the
‘‘tendon’’ line.

3.2 Radius control

Unlike equilibrium fibril formation,17–19 where a fixed fibril radius
is determined by global free-energy minimization, for our non-
equilibrium model fibril growth is determined by the diffusive
supply of collagen molecules from the medium surrounding
collagen fibrils.46 When the chemical potential of the medium
exceeds the free-energy per molecule within the fibril then growth
continues; growth stops when the chemical potential is smaller.45

This is the condition imposed by local chemical equilibrium
between the fibril surface and the extrafibrillar medium.

In Fig. 4, we show (solid blue curve) the free energy density
per molecule at the fibril surface f (R). The dashed red line
indicates nfm, where the dimensionless chemical potential per
molecule is m � ~m(1 � k24)/[K̃22q2(1 + k24)]; the factor of nf gives the
free energy per unit volume of the fibril so that we can compare
directly with f. Under the assumption that collagen molecules in
the medium outside the fibril are dilute, we can approximate ~m
with the Sackur–Tetrode equation for an ideal gas,

~m = kBT ln n/nc, (11)

where the number density in the medium is n. We use a
reference concentration nc A [40, 80] mg ml�1 (depending on
conditions47) that supports a cholesteric phase, so that ~m = 0 at
the cholesteric energy f = 0.

Fibril growth occurs when the dimensionless f exceeds nfm,
so the red star in Fig. 4 indicates a stable fixed point of fibril
radius control. Here, if the collagen concentration in the
surrounding medium is kept constant then all fibrils will
achieve the same radius – independent of when they were
nucleated. However, growth of fibrils would slow considerably
as the fixed point solution is approached. Furthermore, varia-
tions in the concentration within the collageneous tissue would
lead to variations in the radius. With dimensioned units, and
using eqn (11), we have f̃ 0sR̃ E nfD~m E nfkBTDn/n – where sR̃ is
the width of the distribution of fibril radii induced by variations
of concentration. This gives us

s ~R

~R
� nfkBT

~f 0 ~R

Dn
n
: (12)

We expect that corneal fibrils, which have tight radius
control with sR̃/R̃ C 0.16,48 are described by this fixed point.
With appropriate dimensions and parameter bounds we show
in the appendix (see Fig. 10A) what concentration control is
needed to obtain the observed sR̃/R̃ for various K and L. We find
that the fractional variability of concentration in the medium
must be less than 10%, which seems plausible.

Fibrils with R c R0 would need to control concentration very
finely to achieve stable fixed-point control of fibril radius with
eqn (12) – due to the weak dependence of free-energy with
radius in that regime. Instead we suggest that the growth of all
fibrils in this regime is turned on or off by temporal control of
the chemical potential (i.e. the in vivo concentration n(t) would
vary with time t). Because growth would thereby occur for all
fibrils, this would lead to large variations in fibril radius, as is
observed in tendon fibrils. In particular, fibrils that were
formed earlier would be larger – while later fibrils in the same
tissue would be smaller. While crude, this mode of regulation
allows rapid fibril growth when nfm \ f for R 4 R0.

Fig. 3 The asymptotic twist angle cN for r c R0 versus L and K. We show
the region where the asymptotic twist is less than or equal to the surface
twist of tendon fibrils in blue, and the region where corneal surface twist
can be obtained for finite radii in orange. Parameters used are the same as
in Fig. 2.

Fig. 4 How chemical potential m can control fibril radius. The blue line is the
same free-energy density of Fig. 2, while the red dashed line is a chemical
potential from eqn (11) – times the molecular density inside the fibril nf. Fibrils
at radius R will grow significantly only if f (R) o nfm. The intersection indicated
by the red star corresponds to a stable fixed point R*(m). At this value of m,
fibrils with R t R* will grow, while those with R 4 R* will not.45
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4 Discussion and conclusion

Motivated by the diffusional size-exclusion of the cross-linking
enzyme lysyl oxidase (LOX) from the interior of growing collagen
fibrils, we have developed a model for non-equilibrium in vivo
fibril formation in which cross-linking only occurs at the fibril
surface during growth and in which the fibril interior does not
relax its structure significantly during fibril growth due to buried
cross-links. Our model is illustrated in Fig. 1 and represented by
eqn (4)–(6).

Our model predicts two very different regimes of fibril struc-
ture, separated by a characteristic radius R0. For small radius
fibrils (R t R0), the twist angle function is linear with r and there
are unstrained D-band density modulations within the fibril. For
large radii (R c R0) we find an approximately constant molecular
twist angle at r 4 R0 and D-band modulations that are com-
pressed below their equilibrium configuration. Stable radius con-
trol is possible in the R E R0 regime with a static chemical
potential of collagen in the surrounding medium. When R c R0,
fibril radius can only be controlled by switching the growth of all
fibrils on or off through temporal control of the chemical
potential.

Our results are agnostic to the detailed structure and proper-
ties of the inter-molecular cross-links. Further, our model is
compatible with heterogeneous cross-link distributions within
collagen fibrils. We require only that the cross-link number
density r is always large enough that the energy scale of cross-
linking, rkBT,49 is greater than the energy scale of the Frank free
energy, K̃22q2. We estimate that this requires molar densities of
\0.03–0.3 cross-links per collagen molecule (see Appendix A.6).
In comparison, \1.4 divalent cross-links per molecule are
created by LOX across tissue types in vivo.25,50

Our coarse-grained parameters are estimated in Appendix A.
These parameters will depend on biochemical and biological
conditions during fibril formation, such as pH and tempera-
ture, molecular details of collagen type,1 and the presence of
any associated proteins that associate with the fibril surface.46

Other molecular details, such as the formation or arrangement
of microfibrils,15 would also affect our parameters. Microfibril
arrangement appears to differ between pre-mineralized bone
and tendon tissues,15 so we expect different coarse-grained
parameters between those tissues.

We have assumed that a global D-band is maintained through-
out the fibril during growth. This assumption is supported by
transmission electron microscopy observations of a well-defined
set of molecular density sub-bands within the D-band pattern over
a wide range of fibril radii,5,35 as well as similarly sharp D-band
spacing across a tissue in X-ray studies34 and across fibrils of
different radius in atomic force microscopy (AFM) studies.33

4.1 Estimating R0 in tendon

The broad, over twenty-fold,10–13 distribution of radii found
within the same tendon tissue can be explained by assuming
that most tendon fibrils are in the R c R0 regime where stable
radius control is not practical.51 In this regime, fibrils nucleated
earlier could have much larger radii than fibrils nucleated later.

This implies that within larger tendon fibrils there is a core for
r t R0 (see Fig. 2A). Furthermore, in our model fibrils transition
from R t R0 linear-twist to R 4 R0 core–shell structures as they
grow – without any changes of the materials parameters (i.e. K, L,
o, and g). We therefore could expect potentially different beha-
vior for smaller tendon fibrils, with R t R0.

While there have been few systematic studies of the structure
of collagen fibrils of different radius R, there was a remarkable
investigation of tendon-like scleral fibrils using AFM techniques
by Yamamoto in 1997.42 They measured the depth of the D-band
(d) vs. fibril diameter (2R̃). For R̃ \ 25 nm, they found constant d,
while for R̃ A [10, 25] nm they found a reduced d0 E 2/3 (scaled
with respect to the value at larger radii). This is qualitatively
consistent with our results, with R̃0 E 25 nm, though with a
more dramatic decrease than seen in Fig. 2. As shown in the
appendix (Fig. 6C), we can recover the scale of the Yamamoto
result at small values of o – where a weaker D-band can be
suppressed by a modest fibril twist. We expect that parameters
could vary significantly between different tissues, so a smaller o
may not be representative of tendon fibrils more generally. We
suggest that R̃0 and d0 should be directly assessed by similar AFM
studies of the D-band amplitude over a variety of fibril radii in
tendon tissues.10–13

In tendon fibrils, there is some evidence both for52 and
against53,54 mechanical core–shell structure. However, non-
enzymatic cross-linking due to advanced glycation end-products
(AGE) forms very slowly and may be localized to fibril surfaces
after growth completes.55 This could lead to mechanical contrast
between fibril interior and surface. Enzymatic cross-linking at the
final fibril surface could lead to a similar effect. This represents an
alternative mechanism for any observed elastic core–shell
structure.

Nevertheless, recent experimental measurements of in vivo
extracted positional bovine tendon fibrils under strain have
found that radial structure of collagen fibrils can be separated
into two components which behave differently under strain: a
core around the center of the fibril, in which the D-band
structure is fairly robust to mechanical strain, and a shell at
the surface of the fibril, which undergoes significant structural
deformation when the fibril is stretched to failure.43 Furthermore,
Quigley et al.43 found that smaller radius fibrils extracted from
energy-storing bovine flexor tendons do not show a core–shell
response when stretched to failure. Flexor fibrils are E40 nm in
radius.56

Given the similarity of radial scales between the flexor
tendons and the scleral core, we suggest that R̃0 A [25, 40]
nm in tendon, and that the r t R0 ‘‘linear twist’’ and the r 4 R0

‘‘constant twist’’ regimes of our model corresponds to the
observed core and shell structures, respectively. The larger
pre-compression of the interior of large fibrils, shown in the
Appendix Fig. 9, may provides a mechanism for the differing
damage resistance for the core region.

D-band amplitude studies for fibrils of different radius
should be able to distinguish the two possible mechanisms
for core–shell structure: we expect D-band amplitude effects for
our structural model, but they are not expected to arise with
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cross-linking heterogeneity. More generally, we would expect
that surface-localized cross-linking after fibril formation would
lead to a constant-width shell region of the surface indepen-
dent of fibril radius. In contrast, in our model the core has the
same width (R0) independent of fibril radius, while fibrils with
R t R0 would have no shell at all.

4.2 Corneal fibrils

We easily obtain the high surface twist of corneal fibrils (see
Fig. 3), a result that has eluded previous equilibrium treatment
of D-banded fibrils.19 Furthermore, we are able to achieve the
corneal twist together with stable fixed-point control of fibril
radius at R E R0 – as tuned by the chemical potential of
collagen molecules in the medium outside the fibril.

Corneal fibrils are systematically larger near the corneal
periphery, with up to a two-fold increase of radius between
the central and peripheral cornea.57 Such a difference can be
accommodated in our model without invoking changes in fibril
composition – it implies systematically larger molecular col-
lagen concentrations in the corneal periphery during fibril
formation (see Fig. 4). Following Fig. 2, for larger (peripheral)
corneal fibrils we also expect slightly larger surface twists, larger
or smaller D-band amplitudes (d) depending on whether RC/R0 is
larger or smaller than 1 (see Appendix Fig. 10), respectively, and a
slightly shorter D-band period (2p/Z).

Within our model, corneal fibrils must be controlled by
different dimensionless constants than tendon fibrils. Our model
only exhibits monotonically increasing c(r), while narrower
corneal fibrils have higher surface twist than wider tendon fibrils.
As illustrated in Fig. 3, it is possible to go from the tendon to the
corneal regime by decreasing L by approximately two orders of
magnitude. This appears to be mediated, at least in part, by the
collagen composition in different tissues. Corneal fibrils are
mostly comprised of collagen type I, but have E20% of type V.
Interestingly, pure type V fibrils have no visible D-band.58 In our
model smaller D-band amplitudes (w, see eqn (2)) lead to smaller

L � ~Lw2 1� k24ð Þ= 1þ k24ð Þ 3dk4 ~K22q
2

� �� �
. In qualitative agreement,

AFM measurements indicate that corneal D-band amplitudes are
approximately 1/3 that of tendon-like scleral fibrils,42 which would
account for one order of magnitude difference in L between tendon
and corneal fibrils. Different values of k24 can lead to the same effect.
We suggest that an admixture of type V collagen in corneal fibrils
effectively reduces L to reach the ‘‘corneal’’ region in Fig. 3.59

4.3 Discriminating between equilibrium and non-equilibrium
models

How does our non-equilibrium model of fibril growth and
structure compare to equilibrium models,19 which are more
appropriate for in vitro studies? The equilibrium picture deter-
mined the fibril radius and structure through global free-energy
minimization, and obtained a single fibril radius and double-
twist structure for a given parameterization. Small radius linear
and large-radius constant double-twist structures were identified
as distinct equilibrium phases, though coexistence between the
phases could be observed for special parameterizations.19

Conversely, the non-equilibrium fibril growth described in
this paper is controlled by tuning the chemical potential of the
collagen surrounding the fibril with respect to the free-energy density
at the fibril surface. At every parameterization (corresponding to
experimental conditions in a given tissue), fibrils progress from
small radius linear to large-radius constant double-twist structures
as growth continues. Growth is controlled by either fine-tuning the
extrafibrillar collagen concentration to determine a stable-radius
with R E R0 (see Fig. 4), or by increasing/reducing the extrafibrillar
collagen concentration to start/stop growth for all fibrils with
R 4 R0. Because fibril growth will be faster with larger extra-
fibrillar concentrations, growth can be rapid for R 4 R0. Rapid
growth will not possible for stable radius control with R E R0

because the extrafibrillar concentration must be tightly controlled
close to a fixed-point. We believe the R 4 R0 regime is applicable
to tendon fibrils, and the R E R0 regime to corneal fibrils.

Our model presumes that cross-linking takes place during
fibril growth at the fibril surface. The relative ease that our non-
equilibrium model has in reproducing high surface twists, as
compared with an equilibrium approach,19 suggests that previous
difficulties in reconstituting shorter D-band periods associated
with highly twisted fibrils6,60 may be more successful if chemical
cross-linking agents61 were used during fibril assembly in vitro.
This approach may also be useful to test our model results in
controlled conditions.

Conversely, inhibiting cross-linking during in vivo fibril for-
mation would also be interesting. We would expect that com-
plete inhibition would recover earlier equilibrium predictions,19

while weak inhibition would satisfy our assumptions of strong
cross-linking with respect to Frank energies.

Scanning electron-microscopy (SEM) techniques for imaging
fibrils have been used to measure the molecular twist angle at the
surface of collagen fibrils. Determining the twist field inside fibrils
would provide significantly more information. Transmission
electron-microscopy (TEM) studies are laborious and need replica-
tion, but can obtain twist fields of single fibrils.7 A promising high-
throughput technique is polarization-resolved second harmonic
generation (P-SHG) microscopy, which uses non-linear optical
effects to measure volume-averaged anisotropy. P-SHG anisotropy
measurements of collagen fibrils have been made in recent
years.62,63 We hope they can be adapted to measure, e.g. the
volume-average twist field hc(r)i, which could provide insight into
whether individual fibrils are in the R 4 R0 or R t R0 regime.

4.4 Conclusion

Equilibrium coarse-grained models of collagen fibrils have
provided a quantitative description of the structure of fibrils
that form in vitro in the absence of cross-linking enzymes.19 The
presence of LOX during in vivo fibril formation requires a differ-
ent, nonequilibrium, model for fibril growth. In this work we have
outlined a simple coarse-grained approach for nonequilibrium
fibril growth and structure. We assume only local equilibrium at
the surface of growing fibrils, together with no molecular reor-
ientation in the interior of growing fibrils due to cross-linking.
The size-exclusion of LOX from the fibril interior indicates the
importance of rapid LOX activity at the surface of growing fibrils

This journal is The Royal Society of Chemistry 2021 Soft Matter, 2021, 17, 1415�1427 | 1421

Soft Matter Paper

Pu
bl

is
he

d 
on

 0
8 

D
ec

em
be

r 
20

20
. D

ow
nl

oa
de

d 
by

 D
al

ho
us

ie
 U

ni
ve

rs
ity

 o
n 

2/
15

/2
02

1 
12

:4
4:

43
 P

M
. 

View Article Online

https://doi.org/10.1039/d0sm01830a


in vivo, including the potential localization of LOX co-factors to
the fibril surface.46
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A Appendix: model parameterization

In this appendix we use a variety of experimental studies of
collagen systems, and collagen-like systems, to get parameter
bounds and estimates. Since tendon and corneal fibrils provide
contrasting structure and are well characterized, constraints
from those systems are also used. We know that parameters
estimated in vitro will not exactly match those seen in vivo, nor
parameters estimated in dense cholesteric solutions vs. the
fibril interior, nor parameters estimated in largely collagen
type I fibrils vs. parameters for other fibrillar collagens. These
are order of magnitude estimates only. Nevertheless, we hope
they outline what is known, what can be studied, and what
would be important to better characterize.

A.1 Franck constants

The pitch P = 2p/q for dense collagen phases monotonically
decreases with concentration in qualitative studies that went

up to 1000 mg ml�1.64 The relationship between pitch and
concentration was characterized between 50–400 mg ml�1.47

Extrapolating those results to the wet density of tendon tissue,
1000 mg ml�1,65 leads to a half-pitch of P E 0.4 mm. Accordingly,
we estimate q E 5p mm�1.

From the definition of K � K33/(1 � k24
2) and our dimension-

less transformation R = qR̃/(1 � k24), we can eliminate k24 and
obtain a convenient expression for K33 � K̃33/K̃22:

K33 ¼ K 1� 1� q ~R

R

� �2
" #

: (13)

Using a dimensioned radius of corneal fibrils R̃C E 15 nm and a
dimensionless RC that corresponds to a surface-twist c(RC) E 0.31
radians, we use our q estimate to show K C

33 in Fig. 5A for various K and
L. We see that K C

33 E 1. Theoretical treatments of liquid crystals
composed of long rod-like molecules indicate that K33 4 1.66,67

Accordingly, we expect corneal fibrils to occupy the K33 4 1
region of Fig. 5C. When K33 { K, we can expand eqn (13) to
obtain K33 = 2qKR̃/R, and we see that our estimated K33 is
proportional to our assumed q. If we have underestimated the
effective q in collagen fibrils, then a wider region of K33 4 1
would be available.

Using the same estimation of RC that recovers the corneal
surface twist c(RC), we show the D-band period 2p/ZC as a

Fig. 5 Possible corneal parameterizations for a variety of K and L, using a dimensionless fibril radius RC such that c(RC) = 0.31. This restricts us to the
orange shaded region where cN r 0.31. (A) KC

33, using eqn (13). (B) D-band period 2p/ZC. This is relative to the period observed for untwisted fibrils, so we
expect 64 nm/67 nm E 0.96.6 (C) Estimated value of kC

24. This is obtained using k24 = 1 � qR̃/R. (D) The lengthscale X � R̃C/RC (in nm) used to convert
between dimensioned and dimensionless units. We have used q = 5p mm�1 and a dimensioned radius RC = 15 nm.
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function of K and L in Fig. 5B. We recall that ZC is with respect to
an untwisted fibril, as in Fig. 2A. The corresponding experimental
value is the ratio of the corneal to tendon D-band periods, which is
C64 nm/67 nm = 0.96.6 Our results are consistent with this.

We show our estimate of kC
24 = 1� qR̃C/RC in Fig. 5C. It satisfies

the strict requirement that |k̃24| o K̃22 for nematic liquid crystal
systems, so that �1 o k24 o 1.36 We see that kC

24 A [0.8, 1] in the
region corresponding to corneal fibrils.

In Fig. 5D we directly show the ratio X � R̃C/RC, which is the
dimensioned units of length (in nm) corresponding to our
dimensionless length. We see that X E 1–15 nm in the region
corresponding to corneal fibrils.

For the many other kinds of fibrillar collagen, we are much
less constrained experimentally. For tendon fibrils in particular,
the asymptotic twist is much less precisely measured – and in
our model it does not constrain larger radii with R 4 R0 due to
the weak twist-dependence there. However, we have already
noted that L needs to be much larger for tendon fibrils than
corneal – see Fig. 3. We know that tendon and corneal fibrils
cannot have the same parameterization since tendon fibrils have
larger radius but smaller twist than corneal – and our model only
exhibits monotonic twist increasing with radius.

A.2 Chemical potential

We model the extrafibrillar collagen molecules as an ideal gas,
and use the Sackur–Tetrode expression (eqn (11)) to determine
the chemical potential. To compare with free energy densities,
we want the chemical potential density, or chemical potential
per unit volume. This is given by nf~m, where nf is the number
density of molecules within a fibril. We know the dimensions of
collagen molecules (1.5 nm diameter and 300 nm length) so,
given that the packing fraction of molecules within a fibril is
approximately 0.7,27 the number density of molecules within a
fibril is nf C 1.32 � 1024 m�3.

Room temperature gives kBT = 4.28� 10�21 J. A lower bound for
the number density n of collagen molecules in the cellular
environment outside of fibrils is 8 mg ml�1.46 An upper estimate
for the critical concentration of extrafibrillar collagen that
supports a cholesteric phase is nc E 80 mg ml�1.47 This gives
nf~mA [�13, 0] kPa. We can compare with our dimensionless free
energy density by defining a dimensionless chemical potential
per molecule,

m � ~m 1� k24ð Þ
~K22q2 1þ k24ð Þ

: (14)

We use K̃22 A [0.6, 6] pN.18 Using also k24 A [0.8, 1] and q E 5p mm�1,
we obtain a range nfm A [�10, 0].

A.3 D-band parameters

o can be bounded above by the polymerization energy of stable
collagen fibrils. The change in Gibbs free energy during fibril
formation is DG C �13 kcal mol�1.68 Using nf, the absolute
change in the free energy density due to fibril formation is
|Dh f̃ i| E 120 kPa. Since the cholesteric phase has f = 0, the free-
energy of formation is at least | f (R)| for f o 0. Since f = �o/2 as
R - N, o/2 then provides a lower bound of the formation

free-energy. Using the dimensionless units of f � f̃(1 � k24)/
[K̃22q2(1 + k24)], q, the lower end of the estimated range
K̃22 A [0.6, 6] pN,18 and k24 E 0.8 from earlier, we obtain
o A [0, 200]. However, we can do better.

We also require nfm o f for fibril growth, following Fig. 4.
Since f o �o/2 generally holds, we use nfm A [�10, 0] to obtain
oA [0, 20]. This is consistent with, but tighter than, the bounds
provided by the polymerization energy.

Fig. 6 shows R0, cN, and d0 versus o and L, for constant
K = 10. L is not constrained by experiment, so we explore a wide
range of parameter values for L Z 0. These values are inde-
pendent of o for larger values of o. Only when o t 0.1, at the
very low end of our estimated range and where the character-
istic D-band cohesion is very weak, do we see changes due to o.
At these very small o the D-band disappears for larger fibril
radii, so that d0 = 0 and cN = p/4 (indicated by the green shaded
region). In Fig. 6D we show and example of a twist angle function
c(r) in the green d0 = 0 region with L = 10 and o = 0.02. The small
kink at r E 0.1 corresponds to the radius at which the D-band
amplitude vanishes during fibril growth.

A.4 R0

We show the dimensionless R0, the radius at which the D-band
amplitude d is minimized, vs. K and L in Fig. 7. We see that we
expect R0 t 5 for tendon fibrils, while RC

0 \ 2 for corneal fibrils.
Direct comparison of different fibril types requires the dimen-

sioned R̃0 = (1 � k24)R0/q. The length unit X � (1 � k24)/q was
determined as a function of K and L in Fig. 5D – but only for
corneal fibrils. There we observed possible values of X C A [1, 20]
nm for corneal fibrils in Fig. 5.

We do not know how the length unit X varies for different
fibril types as a function of K and L. However, we can explore
the hypothesis that tendon fibrils have a core-structure with
R̃0 A [25, 40] nm (see Discussion). Given R0 A [0, 5] for tendon,
we estimate that X \ 5 nm. This overlaps with the range of
XC values. Equivalently, we can constrain k24 o 0.92 for tendon
which overlaps with the range of values of kC

24 shown Fig. 5C. It
is possible that k24 and q (and hence X) are similar in different
fibril types.

A.5 Surface energy

Following Jawerth et al.,69 we expect the dimensioned surface
energy ~gA [1, 5] pN mm�1. The dimensionless g = ~g/[K̃22q(1 + k24)].
Using k24 E 1, K̃22 A [0.6, 6] pN,18 and q, we expect the
dimensionless gA [0.005, 0.3]. Fig. 8 indicates the dimensionless
surface tension g0 needed to significantly change the stable
radius control picture of Fig. 4.

g does not enter into the structural eqn (4)–(6), but enters
directly into f (R) in eqn (10) with g/R. At large radius surface
tension will have little effect. We estimate the value g0 at which it
has a large effect at intermediate radius by equating g0/R0 =
| f (R0)g=0|. This value of g0 would destabilize fibril growth with
respect to a cholesteric phase with f = 0. From our estimated range
of g we see that for tendon fibrils (blue region) we could have a
large-enough surface tension to significantly affect f (R0) – but that
would not affect f (R) for R c R0. In contrast, it is unlikely that the
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dimensionless surface tension is large enough to significantly
affect f (R0) for corneal fibrils.

A.6 Cross-link energetics

Our model assumes that there is no relaxation of the double-twist
orientation inside the current fibril radius. This amounts to an
approximation that the cross-linked elastic fibril is rigid with
respect to reorientation. Short of exploring a fully elastomeric
model, we can estimate the energy-scales we expect for any such

reorientation. We compare the elastomeric energy scale rkBT,49

with the Franck energy scale K̃22q2. Here r is the cross-link number
density, and we have q E 5p mm�1, kBT = 4.28 � 10�21 J,
K̃22 A [0.6, 6] pN,18 and we also use the number density of
collagen molecules nf C 1.32 � 1024 m�3.

We obtain a lower-bound on the molar concentration of cross-
links per collagen molecule of r/nf \ K̃22q2/(nfkBT) E 0.03–0.3. In
comparison, experimental assays of cross-link density across
tissue types give approximately 1.4 cross-links per molecule for

Fig. 7 The dimensionless value of R0, the radius at which the D-band
amplitude is minimized, as a function of K and L. We use o = 0.1.

Fig. 6 As o and L are varied, with K = 10. (A) The dimensionless radius R0 at which the D-band amplitude is minimized; (B) the asymptotic twist angle
cN; and (C) the minimum of d0 = d(R0). The green shaded region indicates d0 = 0 with cN = p/4. (D) c(r) for L = 10, o = 0.02.

Fig. 8 The dimensionless surface tension g0 that is large enough to make
f (R0) = 0, i.e. to destabilize fibril growth at R0 with respect to a cholesteric
phase. In comparison, we estimate that g A [0.005, 0.3].
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‘‘immature’’ divalent cross-links,50 and a much more tissue-
dependent measurement of at least 0.3 cross-links per molecule
for ‘‘mature’’ trivalent cross-links (see ref. 25). This appears
consistent with our assumption that fibrils in vivo are strongly
cross-linked, and unlikely to significantly relax their orientation
after formation.

Nevertheless, we have allowed our D-band period to globally
adjust during fibril growth. We justified this phenome-
nologically, based on the observed sharpness of the D-band
seen in experiment.5,33–35 The energetics of this global adjustment

are not included in the ~L term of eqn (2), so we are assuming that

the D-band stiffness ~L is significantly above the corresponding
elastomeric stiffness. This remains to be investigated.

B Appendix: limiting behavior

For small r, we can derive a power series solution to eqn (4)–(6).
To fifth order, we obtain

cðrÞ � rþ 2

3
� 2K

� �
r3

þ 12K2 � 10K þ 6

5
� 16Lp4

� �
r5 þ O r7

� �
; (15a)

d2ðrÞ � 1� 2p4L
3o

r4 þ O r6
� �

; (15b)

and

Z2ðrÞ � 4p2 þ 2p2r2 þ 2� 16

3
K

� �
p2r4 þ O r6

� �
: (15c)

We can see that the coupling L of the D-band and Frank energies
does not enter the twist function until O(r5). Conversely, the
Frank parameter K only appears in the D-band period Z at O(r4)
and only in the amplitude d at O(r6) (not shown). Thus at smaller
radius, when the twist-function is approximately linear, the
D-band and twist-function are uncoupled.

For large r, an explicit expansion in 1/r was not possible
since the asymptotic value cN is undetermined without a full
numerical solution. However, the D-band L term in eqn (4)
dominates. Taking a derivative with respect to r confirms that
c0 - 0, so that the twist angle approaches a constant value cN

at large radius. It then follows that as r - N we also have Z -

2p/coscN, d - 1, and f - �o/2.

C Appendix: molecular strain

In order to maintain a global D-band throughout the fibril, we
have assumed that collagen molecules are subject to small-scale
extension and/or compression along their axis within the fibril.
Fig. 9 shows the resulting local molecular strain %, defined as19

eðrÞ ¼ 100� 2p=ZðRÞ � coscðrÞ
coscðrÞ ; (16)

where Z(R) is the global D-band wavenumber for a fibril of radius
R while c(r) is the double-twist function of the molecular tilt
within the fibril. The absolute molecular strain is at most a couple

of percent which, given the flexibility observed in experimental
studies of isolated collagen fibrils,3 appears reasonable.

For fibrils in the R 4 R0 regime, the interior of the fibril is
entirely compressed – with a negative strain (blue line in Fig. 9).
We find that the molecules in the core of large fibrils are
compressed by up to 1%. Compression of the entire fibril is a
qualitatively new result from the nonequilibrium growth model.
In contrast, earlier equilibrium models of in vitro D-banded always
predicted an extended surface layer in addition to the compressed
core.19 For our non-equilibrium model an extended surface is only
seen for fibrils with R t R0 (dot-dashed orange line in Fig. 9). The
molecular compression shown in Fig. 9 is similar to the hypoth-
esis of molecular microkinks proposed to explain diffuse X-ray
scattering in tendon studies,70 though our strains are somewhat
smaller than they suggest. We speculate that pre-compression
may serve to protect tendon-like fibrils from damage at small but
physiologically relevant, extensional strains.

D Appendix: stable radius control

Experiment suggests that the fractional variation of fibril radius
near the center of the cornea is only sR̃/R̃ C 0.16.48 Here we
estimate the maximum concentration variation needed to achieve
this control of corneal radius, using the stable-fixed point illustrated
in Fig. 4 but not requiring that R E R0. From eqn (12) we have

Dn
n
� ~f 0 ~R

s ~R=
~R

nfkBT
(17)

� f 0R
sR=R
nfkBT

~K22q
2 1þ k24ð Þ
1� k24

; (18)

where we have used a dimensionless f0 in the second line. We use
kBT = 4.28 � 10�21 J.

In Fig. 10A we plot Dn/n as a function of K and L. We have
used kC

24 from Fig. 5C, q = 5p mm�1, and K̃22 E 6 pN at the upper
end of its estimated range.18 We see that the largest concentration

Fig. 9 Molecular strain e(r) throughout the fibril. We show fibrils with both
R t R0 (orange dash-dotted) and R 4 R0 (blue solid). Coloured circles
represent the fibril radius, while the red triangle indicates R0. Parameters
used are the same as in Fig. 2.
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variations consistent for the observed corneal radius control are
Dn/n t 10%. This seems plausible. In Fig. 10B we show that
RC/R0 E 1 leads to the loosest limits on concentration variations.
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